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Abstract 



Using an eikonal analysis, we examine the validity of the factorization the- 
orem for nucleon-nucleon, jp and 77 collisions. As an example, using the 
additive quark model and meson vector dominance, we directly show that 
for all energies and values of the eikonal, that the factorization theorem 
o~nn/o~jp = o-^p/a^ holds. We can also compute the survival probability of 
large rapidity gaps in high energy pp and pp collisions. We show that the 
survival probabilities are identical (at the same energy) for ^p and 77 colli- 
sions, as well as for nucleon-nucleon collisions. We further show that neither 
the factorization theorem nor the reaction-independence of the survival prob- 
abilities depends on the assumption of an additive quark model, but, more 
generally, depends on the opacity of the eikonal being independent of whether 
the reaction is n-n, jp or 77. 



In this note, we will use an eikonal model to make calculations of cross sections and 
survival probabilities of rapidity gaps in nucleon-nucleon, 7p and 77 collisions. 

In an eikonal model JT|, we define our (complex) eikonal x{b, s) so that a(b, s), the (com- 
plex) scattering amplitude in impact parameter space b, is given by 

a(6, s) = l - (l - e ix(M ) = ~ (l - e -*i (M+i *H (M ) . (1) 
Using the optical theorem, the total cross section cr tot (s) is given by 

a tot (s) = 2 J [l - e-*i^ cos(x R (6, s))] d% (2) 
the elastic scattering cross section a e \(s) is given by 

aelastic(s) = J |l - e -*i(M+* R (M| 2 ^ (3) 

and the inelastic cross section, aplastic ( s )5 is given by 



O'inclasticl 5 ) — °"tot( s ) ~~ ^elastic ( s ) 



-2Xi(6,s) 



d 2 b. (4) 



The ratio of the real to the imaginary portion of the forward nuclear scattering amplitude, 
p, is given by 

Re U( f 1 - e -Xi(M)+*x R (M)) d 2 &\ 

o( s ) = ±— - L (5) 

Im [i(f(l - e-x^+tx^) d 2 b] 

and the nuclear slope parameter B is given by 

B = fb 2 a(b,s)d*b 
2 J a(b,s)d% 

It is easily shown ||, using eq. @, that the differential probability in impact parameter 
space b, for not having an inelastic interaction, is given by 

Pno inelastic ^ ^' ^ ■ (7) 

Block ei al. Jl[] have used an even QCD-Inspired eikonal Xeven given by the sum of three 
contributions, glue-glue, quark-glue and quark-quark, which are individually factorizable 
into a product of a cross section er(s) times an impact parameter space distribution function 
W(b;fi), i.e.;. 

x even (s, b) = Xg g (s, b) + Xq g (s, 6) + Xqq(s, b) 

= i [cr gg (s)IU(6 ; /i gg ) + o- qg (s)W(b ; /i qg ) + <7 qq (s)W(& ; /i qq )] , (8) 

where we have set /i qg = y/PqqPgg and where the impact parameter space distribution function 

W{b-p) = ^(pbfK^b) (9) 
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is normalized so that J W(b; p)d 2 b = 1. Hence, the cr's in eq. (Q) have the dimensions of 
a cross section. The factor i is inserted in eq. (|8]) since the high energy eikonal is largely 
imaginary (the p value for nucleon-nucleon scattering is rather small). The total even con- 
tribution is not yet analytic. For large s, the even amplitude in eq. (§) is made analytic by 
the substitution s — > se _Mr//2 (see the table on p. 580 of reference 0, along with reference 
0). The quark contribution Xqq( s )^) accounts for the constant cross section and a Regge 
descending component (oc 1/y/s), whereas the mixed quark-gluon term x qg (s,5) simulates 
diffraction (oc logs). The glue-glue term x gg (s,&), which eventually rises as a power law s e , 
accounts for the rising cross section and dominates at the highest energies. In eq. (§), the 
inverse sizes (in impact parameter space) /x qq and p gg are to be fit by experiment, whereas 
the quark-gluon inverse size is taken as /i qg = y/p m p gg . 

The high energy analytic odd amplitude (for its structure in s, see eq. (5.5b) of reference 
||, with a = 0.5) that fits the data is given by 

x ° l dd (b,s) = -a odd W(b;p odd ), (10) 

2 

with cr odd oc l/y/s, and with W(b,p odd ) = ^^-(p odd b) 3 K 3 (p odd b) normalized so that 
JW(b;p odd )d 2 b = l. 
Finally, 

Xjrp Xeven i Xodd- (H) 

The eikonal of eq. (§) is a QCD-inspired parameterization of the forward proton-proton 
and proton-antiproton scattering amplitudes |]J which is analytic, unitary, satisfies crossing 
symmetry, the Froissart Bound (asymptotically approaching a black disk) and, using a x 2 
procedure, fits all accelerator data of o~ tot (including the new E-811 Tevatron cross section 
Q]), nuclear slope parameter B and p, the ratio of the real-to-imaginary part of the forward 
scattering amplitude for both pp and pp collisions. In addition, the high energy cosmic ray 
cross sections of Fly's Eye and AGASSA experiments are also simultaneously used 
0], dramatically reducing the errors of the fitted parameters. The vast wealth of data fitting 
a myriad of 7p and 77 collisions as well as nucleon-nucleon data furnishes an empirical 
justification for the model — for lack of space, these results are not reproduced here (see ref. 
|]J and ref. for more detail), since the main thrust of this note is to show the consequences 
of the factorization hypothesis on rapidity gaps and on the ratios of cross sections for the 
processes nn, jp and 77. 

As an example of a large rapidity gap process, we consider the production cross section 
for Higgs-boson production through W fusion. The inclusive differential cross section in 
impact parameter space b is given by = ffww^H W{b 

)A*qq)) where we have assumed that 
W(b;p m ) (the differential impact parameter space quark distribution in the proton) is the 
same as that of the W bosons. 

The cross section for producing the Higgs boson and having a large rapidity gap (no 
secondary particles) is given by 

= ^ww^h W(b ; p m )e~ 2 ^ = a W w.H ^5^- (12) 
d 2 b db 2 



3 



A generalization of this result is to define < IS*) 2 >, the survival probability of any large 
rapidity gap [|,|, as 



< \S\ 2 >= / W(b-fi m )e~ 2x ^ s ' b) d 2 b, (13) 



where for Xj(s,6), we will use Xi( s ^) even given by eq. (||), i.e., we will neglect the small 
differences between pp and pp collisions at low energy, in effect averaging them. We note 
that the energy dependence of the survival probability < \S\ 2 > is through the energy 
dependence of Xn t ne imaginary portion of the eikonal. 

In ref. [|l|, using the additive quark model and vector dominance, the authors assume 
that the eikonal x 7P f° r IP reactions is determined by substituting a — > |<r, — > into 
X even (s,b), given by eq. (H). In turn, they determine x 77 f° r 77 reactions by substituting 
a — > |cr, n — > into x 1P { s ^). The naive additive quark model and vector dominance 
suggest that o — > |<r, since there are 2 quarks in a photon and 3 in a nucleon. Their 

transformation — > \f\^ is justified as follows. Let us require that the ratio of elastic to 
total scattering be process-independent, i.e., 

( ^elastic \ / ^"elastic \ / ^~elast : " ' 



, = clastlc (14) 

V O" tot / V (T tot / V CT t ot / 

at all energies, a condition that insures that each process becomes equally black disk-like 
as we go to high energy. For simplicity, we will evaluate ( CT ^ s * ic j in the small eikonal 
limit, utilizing eq. eq. (|2|) and eq. (|), using for our eikonal the toy version x nn (s,6) = 
i(<j gg W(b] Hg 9 )). We find that 

(^f = ° m # m x (^) 2 / y%K 3 (y)) 2 d 2 y, where y = ^ gg b. (15) 
Thus, for the ratio to be process-independent, 

W 77 = \jl^ 9 y P = since (16) 



K 9 ) 77 = ^(^) 7P =^(^r- (17) 

This argument is readily generalized to all /i, leading to each a/i 2 being process-independent. 

Indeed, the consequences of eq. (|i~4l ) that each cr/i 2 is process-independent can be restated 
more simply in the following language: 

• We require that the eikonal of eq. (H) have the same opacity for n-n, 7p and 77 scat- 
tering, 

where the opacity is the value of the eikonal at b = 0. 

For specificity, however, we will use the eikonal of eq. (g), with the conditions of eq. ( |T5] ) 
and eq. (|TTD, hereafter. 
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Thus, 



and 



a gg (s)W(b;J-fi ggJ , 3 



2 3 2 3 

a qg (s)W(b ; J -fi qg ) + -a qq (s)W(b ; J -/x qq ) 



4 3 4 3 4 3 

g^gg(s)W(6; -/x gg ) + -(7 qg (s)Vy(6; -// qg ) + -<r qq (s)W(& ; -/x qq ) 



, (18) 



(19) 



Since the normalization of each W(b; /i) above is proportional to /i 2 , it is easy to see, using 
the new dimensionless variable x q = \f^H m b that 



X»{8,b) 



96vr 



( ^ ) K 3 (^x q ) + a qg ^ qg ( ^x q ) K 3 (^x q ) 



2 / A*qg 



,/iqg 



A*qq 



A*qq 



A*qq 



(20) 



Thus, 

< is^i 2 > 



96tt 
exp 



48tt 



%^(-^| ^3(^) + a qg ^ g l^xJ K 3 (^x 



A%g 



/iqg 



'/^qg , 



^qq 



^qq 



A'-qq 



/^qq 



+ ^qq/^qq^)^^) 



(21) 



and 



< \S^\ 2 > 



exp — 



48tt 



<wi (^XkA 9 ) +a qg ^ (^xX KA 9 ) 

VPqq / Pqq \ Pqq / Pqq 



d 2 Xg 



(22) 



where we used the variable substitution x g = |/i qq 6. Finally, we have, using the variable 
substitution x n = fi qq b, 



< \S cvcn \ 2 > 



l — J x 3 n K 3 (x n ) x 

X^qq J A*qq V/Vl / 



exp — 



A*qq 



+ Crqql\ q (XnfK 3 (x n ) 



(23) 
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Thus, comparing eq. (|2T|), eq. (^) and eq. (0), we see that 

< \S^\ 2 >=< |S 77 | 2 >=< \S cvcn \ 2 > 



(24) 



We see from eq. (|24]) that < \S\ 2 >, the survival probability for nucleon-nucleon, jp and 77 
collisions, is reaction-independent, depending only on y^i, the cms energy of the collision. We 
emphasize that this result is much more general, being true for any eikonal whose opacity is 
process-independent — not only for the additive quark model that we have employed. 

In order to calculate the total nucleon-nucleon cross section, we use the variable substi- 
tution x n = /i qq 6 and rewrite x even °f ec L- (!) as 



X even (s,b) 



96tt 



^U— X nfK,{^X n ) + <7 qg/ 4 ( ^X n I K^X r . 
A*qq A*qq V^qq / A*qq 



,/i g 



,2 / ^qg, 



,/iqg 



+ O r qq/Wq q (x„) 3 K 3 (x r . 



(25) 



Using eq. (|2|) and approximating Xeven m eq. (E3p as pure imaginary, we have 



°£(*) = 2 / 1-exp- 



96vr 



a^%{^x n fK^x n ) + a qg /4 ^x n K 3 (^x r 
A*qq /^qq V/^qq / A*qq 



+ o- qq fi 2 m (x n ) 3 K 3 (x r 



(26) 



Using Vector Meson Dominance and the additive quark model and letting P^ ad be the prob- 
ability that a 7 ray materialize as a hadron, we find, using x lp from eq. (pOQ, that 

*S00 - 2 / (l - exp - JL L/^^) 3 ^^) + a qg /4 f^x ? Vx 3 (^) 



+ 0r qq/^qq(a ; g) 3 ^3(a;< ? ) 



op7 2 " X <?> 
°- r had Pqq 



(27) 



where x g = J^qqb- Finally, substituting x g = |yU qq & into eq. (|18|) and using eq. (0), we 



evaluate cr^ as 



„3 W = 2/fl -exp- ji- 



2 / /^gg \37>- / /^gg \ 1 2 / A'-qg 

"^gg^ggl X 9/ 3 V., X 9/ "I" O qg /i qg I 

Pqq pqq \ pqq 



A^qq 



+ tfqq/l? q (x 5 ) 3 K 3 (x 9 



2 ^ ^5" 



(2? 



Clearly, from inspection of eq. 
theorem 



l Q07 / 2 
V -* had/ fqq 

eq. (|27j) and eq. (p8|), we see that the factorization 



^totO) ^tot(s) 



(29) 
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holds at all energies, i.e., the factorization theorem survives exponentiation. We again 
emphasize that this result is true for any eikonal which factorizes into sums of x Wi(b; /i) 
having the scaling feature that the product a^pi 2 is reaction-independent — not only for the 
additive quark model that we have employed here, but for any eikonal whose opacity is 
independent of whether the reaction is n-n, 7p or 77. It is valid at all energies, independent 
of the size of the eikonal and independent of the details of the initial factorization scheme. 
In the particular scheme of eq. fl2fip, eq. (E7|) and eq. (P8p, i.e., for Vector Meson Dominance 
and the Additive Quark Model, the proportionality constant is 2/(3P^ ad ). Clearly, the 
same proportionality constant holds for both a e i as tic and cr inelastic , whereas for the nuclear 
slope parameter B it is easily shown that the proportionality constant is 2/3. For p, the 
proportionality constant is unity. 

We note that in the Regge approach the functions Wi(b, p) depend on s, since the radius 
of interaction (R ~ 1 j p) for the Pomeron exchange which determines an eikonal grows with 
energy as R 2 = R$ + a' P ln(s/so). Thus, in the Regge eikonal model, factorization breaks 
down in general. However, the Pomeron slope a' P is very small (~ 0.2 GeV~ 2 ) and the Rq for 
different processes are approximately in the same relation as in the model discussed above. 
As a result, the factorization relations are valid with good accuracy even in a Regge eikonal 
model, in a broad region of energies JTXJ|,[TT|] . In the model discussed earlier, where the opacity 



was independent of the reaction, the values of p were chosen to be energy independent and 



the factorization relations of eq. fl29|) are exact at all energies. 

The differential scattering cross section for elastic nucleon-nucleon scattering can be 
written as 



da nn , 4 1 



(s.t) = — 
dt y 1 ' 4vr 



J (qb) (l- e ^ cvcn ^) d 2 b 



(30) 



where the squared 4-momentum transfer t = —q 2 . It is straightforward, by appropriate 
variable transformation, to show that the differential cross section for the "elastic" scattering 
reaction 7 + p — > V + p is given by 

dal v 4 da™ 2 

-& M = m~^ {8 ^ (31) 

where V is the vector meson p, u or and Py is the probability that a photon goes into the 
vector meson V. For the "elastic" scattering reaction 7 + 7 — > V + V, we can show that 

daV v , . ( 4 Vda™ , 4 



-#<••*> -U^J'srM- (32) 

Thus, a knowledge of ^^-(s,t) for elastic nucleon-nucleon scattering determines the differ- 
ential "elastic" scattering cross sections for the reactions 7 + p — > V + p and 7 + 7 — ■> V + V. 
We now write the factorization theorem for differential elastic scattering as 

The survival probabilities < |5| 2 > are independent of whether the reaction is nucleon- 
nucleon, 7p or 77, being only a function of the cms energy y/s. This equality of survival 
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probabilities is also independent of any particular factorization scheme, again depending only 
on the opacity of the eikonal being reaction- independent. The fact that our estimates of large 
rapidity gap survival probabilities are independent of reaction has interesting experimental 
consequences. 
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